
_____________________________________________________________________________________________________ 
 
a 
Prokhorov General Physics Institute of the Russian Academy of Sciences, Moscow, 119991 Russia. 

b 
Moscow Politechnic University, Moscow, 107023 Russia.  

c 
Khlopin Radium Institute, Saint-Petersburg, 188651, Russia. 

*Corresponding author: E-mail: bvl2879@gmail.com; 

 
 

Chapter 15 
Print ISBN: 978-93-5547-342-4, eBook ISBN: 978-93-5547-350-9 

 

 

 

Homogeneous Sphere with Excited Vacuum 
Pressure, Applications in Extended Space Model 
and Cosmology 
 
D. Yu. Tsipenyuk a,b* and W. B. Belayev c 

 
DOI: 10.9734/bpi/ntpsr/v6/2558A 

 
 

ABSTRACT 
 

In the paper vacuum pressure is found from the space geometry around the local gravity system 
according to Sakharov’s idea of a "metrical elasticity" of space. It is assumed that energy equivalent to 
the gravitational defect of masses is spent on vacuum deformation. We determined the gravitational 
impact on the vacuum in the case of weakly gravitating static centrally symmetric distribution of matter 
using appropriate solution of Einstein’s equations. This impact is balanced by the vacuum pressure of 
the opposite sign. The equation of state includes the density of matter and the vacuum pressure. They 
correspond to the field equations for centrally symmetric distribution of matter. The photon motion in 
the resulting space-time is considered and the energy-momentum-mass vector corresponding to the 
      D Extended Space Model (ESM) is found. We study abilities to apply the equation of state 
obtained to arbitrary We study abilities to apply the equation of state obtained to arbitrary gravitational 
systems and cosmology. The change in photon energy and momentum in Friedmann-Lemaitre-
Robertson-Walker space-time is described using rotation angles in 5D. This cosmological model 
yields about half dark energy density not associated with cosmological constant with half dark energy 
density not associated with cosmologic deceleration parameter           at present epoch.  
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1  INTRODUCTION 
 
Non-zero vacuum pressure is an element in cosmological models [1-3] arising from solutions of the 
Einstein equations. Einstein postulated that the curvature of space-time is responsible for gravity. 
Sakharov argued [4] that gravity arises from quantum field theory in much the same sense as 
hydrodynamics or continuum elasticity arises from molecular physics. Sakharov suggested that the 
curvature of space "..leads to the "metric elasticity" of space, i.e., to generalized forces that counteract 
the curvature of space." The action in Einstein’s geometrodynamics was identified with changes in the 
quantum fluctuations of the vacuum [5-8]. It follows from the general relativity that more compactly 
located matter distorts space to a greater extent in a local area and creates a smaller gravitational 
mass compared to the same amount of matter distributed over a larger volume [1,2]. In [9], this 
phenomenon is explained by the appearance of negative binding energy in the gravitational system. 
The accumulation of energy during deformation demonstrates the elasticity of space. We will take 
these properties of gravity into account when determining the vacuum pressure. The resulting 
equation of state is investigated for agreement with cosmological models. 
 
The problem of combining the electromagnetic and gravitational fields into one single field has been 
discussed since the end of the nineteenth century. It is characteristic that all these attempts were 
made on the way of constructing geometric models of physical interactions and interpreting physics as 
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geometry in spaces of a larger number of dimensions. F. Klein [10] proposed to consider the 
Hamilton-Jacobi theory as an optics in the space of the highest number of dimensions. A new surge of 
interest to this problem was stimulated by the creation of the general theory of relativity. T. Kaluza [11] 
extended it to five dimensions. O. Klein [12] gave its five-dimensional theory a quantum interpretation. 
Subsequently, various versions of    theory based on the Kaluza-Klein approach were proposed [13-
16]. One variant of them is the space-time-matter theory or induced matter theory [14,15], in which the 
role of    uncharged mass is played in    geometry by the extra coordinate. 
 
ESM [17,18] is a special theory of relativity generalization in the 5-dimensional space        having 

an additional coordinate  , which is an extension of the action concept of the embedded    space 

[19,20] in    space. As a parameter determining the movement of a particle in an additional 
dimension, the optical refractive index of the medium is taken, which sets the speed of movement of 
the photon in the coordinate reference frame [21]. Lorentz transformations in the       Minkowski 

space are complemented in           by rotations in planes (TS) and (XS) [18]. Rotations of the 
energy-momentum-mass vector in the extended space corresponds to the gravity field particle motion 
in the embedded four-dimensional space-time [22,23]. Movement along additional 5-th coordinate in 
ESM is associated with existing particles variable rest-mass processes consideration, for example 
electron-positron annihilation. We obtain the energy-momentum-mass 5-vector of a photon in 
homogeneous sphere by means of sequence of rotations (TS) and (XS). A relation between these 
angles of rotation in    space-time with the universe expansion deceleration parameter is considered. 
 

2.  SOLUTION OF EINSTEIN EQUATIONS FOR SPHERICAL SOURCE 
 
We analyse gravitational field with centrally symmetrical source, by selecting units of measurement, in 
which a light velocity  , a gravitational constant   and Planck constant   are          . This 

gravitational field is described [24] in spherical coordinates              by the metric 
 

                                                                                                           (1) 
 

where     are the functions of time and radial coordinate. For this metric Einstein equations are 
 

    
 

 
   

 

    
 

     
                                                                                                                                          

     
 

 
   

 

    
 

     
                                                                                                                                       

 
 

 
       

 

 
    

 
 

 

 
        

 

 
      

 

 
       

 

 
      

 

 
        

    
                                                                                                                   

     

 
     

                                                                                                                                                             

    

 
     

                                                                                                                                                                 

    

 

where      and () denote the derivatives with respect to   and   respectively,   
  is a stress-energy 

tensor. 
 
Solving equation (1) with respect to   gives the function 
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Subtracting equation (3) from (2) we find 
 

   

 
           

    
  .                                                                                                        (8) 

 
Substituting eq. (7) into (8) and solving it with respect to   we find 
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where   is a constant. A Schwarzschild solution      is appropriate for the spherical source with 
radius   in the outer area    . In the inner area of the sphere the required function [25] is 
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3.  PRESSURE IN LOW GRAVITATING SPHERE 
 
The static spherical source of gravitation with constant density is considered. The stress-energy 
tensor of matter is 
  

  
              

  ,                                                                                                          (11) 

 

where   is density,   is pressure,    is four-velocity vector and   
  is the Kronecker delta. The first 

component of this tensor in considered case reduces to 
  

  
                                                                                                                                       (12) 

 
In the external area the functions     (7), (10) correspond to the Schwarzschild metric. Therefore, the 
value 
 

      
 

 
                                                                                                                        (13) 

 
is the gravitational mass of a spherical body with radius  . Integration is performed here by the 

element of space volume           , that corresponds to coordinate frame. The proper volume 
element, built on the elements of spatial coordinates, is defined [1] as follows: 
 

         
      

   
                                                                                                             (14) 

 
with indexes          . For the considered volume element of the spacetime, described by (1), this 

yields               . From (7) the inequality     means that the gravitational mass of the body 

is less than the sum of the individual gravitational masses of the constituent elements. 
 
The volume of the spherical body in the proper frame is obtained by integration of the element     

with (7) and amounts to 
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The expression under integral is expanded into a formal power series for small space curvature inside 

the sphere, i.e. with       , this integral gives 
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The mass of the body in this frame or the proper mass will be         
 

   . A proper energy of static 

source of gravitation is defined as      . 
 
The gravitational impact on the vacuum is determined as the relation between the difference of the 
proper energies of two spherical bodies with identical gravitational mass and the difference of the 
proper space volumes of the two bodies. With densities       and radii               this mass is 
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The difference of proper masses of two bodies is written as follows: 
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Both bodies curve the space equally in the area      due to the equality of their gravitational 
masses. Let’s find the difference between the volumes in the proper frame, that are set in coordinate 
frame by the condition     . The volume of the first body is the sum of the proper volume and the 

volume of the peripheral region        , namely, 
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where the second term is given by 
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Function   in the outer region takes the form 
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and breaking the expression under integral into the formal power series in case of        we 
obtain 
 

    
         

 

 
    

    
         

    
                                                                                                     

 
As a result, the volume (19) will amount to 
 

  
 

 
 

 
   

  
 

  
     

     
     

                                                                                                                    

 
The area      restricts the second body, whose proper volume for the weak gravitational field 
according to (16) is 
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The difference between the proper volumes, confined within the radius    in coordinate frame, will be 
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With the conservation of the gravitational mass of the spherical body (17), the ratio of change in its 
proper energy         (18) to the change of the volume for small          yields 
 

  
   

   
 

 

 
                                                                                                                                                           

 
In the theory of elasticity   corresponds to the pressure of an perfect liquid. Positive pressure of 
gravity field characterizes the gravitational impact of matter on the vacuum, which lies in its constraint. 
This relationship between density and pressure coincides with the state equation of an ideal 
relativistic gas [1] and a photon gas [24]. 
 
The gravity field pressure upon vacuum is compensated by pressure of the vacuum itself: 
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                                                                                                                                      (27) 
 
This is mean vacuum pressure in case of weak gravitation inside the static sphere. It is assumed that 
the vacuum pressure that enters into the energymomentum tensor is the source of the gravitational 
field. 
 

4. SOLUTION FOR VACUUM PRESSURE           
 
We find solutions for the field equations (2)-(6) for the gravitational system that includes a spherical 
source of gravity with a constant density and corresponding vacuum pressure     . Derivatives of 
functions     and      with respect to   are 

 

       
 

    
 

 
  

        
                                                                                                                        

      
 

    
 

 
  

        
                                                                                                                           

      

 
The components of the energy-momentum tensor (11) are reduced to 
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Together with component (12) this yields 

 

   
 

 
                                                                                                                                                                     

                                                                                                                                                                                
                      

 
Substituting these values in equations (2)-(6) gives the identity. Inside the sphere due to equation (10) 
coefficient   will be 
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In the inner region with   (7) corresponding to component of the stress-energy tensor (12) metric (1) 
takes the form 
 

       
 

 
        

   

  
 

 
   

                                                                                           (34) 

 
The time dilation will be the same inside the sphere and at the surface. This metric can be used to 
determine the course of time in the interior of the Earth. 
 
We consider the motion of a particle described by the space-time (34). The energy-momentum vector 

of a free moving photon    is obtained by principle of light-like particle extremal energy integral 
[22,25-27]. It gives generalized momenta 
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which are constant for cyclic coordinates. In plane       these constants are 
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They are chosen so that for     the energy-momentum vector of a photon corresponds to the value 
in the external Schwarzschild field 
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    ,                                                                                  (37) 

where    is the photon frequency at infinity,   and       are constants. From (34) it follows 
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and the 4-velocity vector of a photon inside the sphere becomes 
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for         
 

 
 . The energy-momentum vector of a photon       

  is 
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5. ISOTROPIC SOURCE 
 
The ability to apply the equation of state defined by (30) to arbitrary gravitational systems is studied. 

Let us examine a space-time described by the metric               and containing a source of 

gravitation with density  . It is assumed that in a small area, whose boundary is a sphere in the proper 
frame, the metrical coefficients and density can be considered as constants and the pressure 
isotropic. The gravity, created by this ball, is described by metric (1). 
 
The metrical coefficients of the space-time without a source of gravitation in this sphere will be slightly 

different from    . The transition to a locally inertial system [1] with the beginning in the point   
  is 

made for the changed metrics using the transformation 
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with Christoffel’s symbols    
 

. In this locally flat space we place the absent source of gravitation in the 

empty sphere. This is comparable to the conditions under which the pressure of the gravitational field 
was obtained (26). The proper pressure of vacuum is determined for static space-time according to 
(27) and will be 
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6. TRANSFORMATION OF ENERGY AND MOMENTUM IN ESM 
 
In accordance with ESM, we find the energy-momentum-mass 5-vector of a free moving photon in 
homogeneous sphere defined by metric (34) using rotations (TS) and (XS). Each particle energy-
momentum 4-vector is completed in extended space        [17,28] with an additional coordinate   to 
5 -vector 
  

                                                                                                                                         (43) 

    
where   is a rest mass of the particle. In empty space this vector corresponds to two types of objects 
with zero and nonzero masses respectively in a fixed reference system. For simplicity we will record it 
in      -dimensional space as 
 
                                                                                                                                           (44) 
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Its hyperbolic rotations in the planes (TS) and (XS) yields 
 

 

                                                                                                                                                     

                                                                                                                                                                             

  
                                                                                                                                                    

 

and 
 

 

                                                                                                                                                                              

                                                                                                                                                      

  
                                                                                                                                                     

 

 
where     and     are angles of rotations. 
 
A photon localization in ESM [27] means that it gets a non-zero mass entering into the external field. 
The corresponding infinite plane wave is compressed to a finite size in according to de Broglie 
formula. We consider a sphere with a mirror inner surface filled with uniformly distributed photons, 
which will correspond to metric (34). Formally, we can extend the geodesic of a photon beyond the 
sphere, where it corresponds to the Schwarzschild metric. The    energymomentum-mass vector of a 
photon 
 
                                                                                                                                         (51) 
 
can be transformed into a vector with components equal to the energy and momentum in 
Schwarzschild space-time at low gravity using (TS) rotation [22]. This rotation changes the energy of 
a photon, leaving momentum in    constant. According to     , the energy of a photon inside the 
sphere remains constant while momentum changes. Hence, when it enters the sphere, the change in 
the vector of the energy-momentum of a photon is described by (XS) transformation. The sequence of 
rotations (TS)-(XS) of the vector      gives 
 

 

                                                                                                                                                                       

                                                                                                                                                

  
                                                                                                                                               

 

 
Comparing the resulting vector (40) agreeing with equation (52), we find the (TS) rotation angle for the 
radial motion 
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Equation (53) takes the form 
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and has solution 
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The obtained rotation angles allow us to determine the momentum   
    (54), which, according to the 

ESM, is associated with the mass of the particle. 
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The (TS) rotation corresponds to a transition from the density of the static matter to the density as a 
source of gravity [19,30]. The energy distribution of a massive particle in the form of a Gauss function 
[29] can be considered as a possible reason for the appearance of vacuum pressure in the area of 
matter distribution. 
 

7.  COSMOLOGICAL APPLICATION 
 
In FLRW cosmological model the source of gravitation is static in comoving coordinates, which is 

locally geodesic system. In rectangular coordinates            it is described by metric 
 

         
         

                         
                                                                                            (58) 

 
with expansion factor   and spatial curvature  . Equation of state (42) corresponds to static or 

uniformly expanding space-time. The FLRW model with        [31,32] meets this condition. If 

expansion of the universe is accelerating, the inequality       holds. However, the relative velocity 

of the expansion of the Universe is equal to Hubble parameter  , which is small at present period, 
and this equation of state is suitable. 
 
The photon energy and momentum corresponding to a space-time (58) at     [33] are 
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According to (45) and (49), they can be obtained by rotating in    the vector (51) at the angles 
 
                                                                                                                                     (60) 
and  
 
                                                                                                                                     (61) 
 
The expansion of the Universe is characterized by the deceleration parameter 
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which is 0 for a uniformly expanding universe. The deceleration parameter can be expressed in terms 
of rotation angles           as 
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The angles         are small in the present cosmological epoch and these expressions reduce to 
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Estimates of the deceleration parameter are based on type Ia supernovae observations analysis. It is 
stated in         that these observations provide evidence of the accelerated expansion of the 

universe at present cosmological epoch, which corresponds to the deceleration parameter    
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           . This value of    is permissible in cosmological model [30] taking into account 

pressure of vacuum excited by matter (42). 
 
We assume that dark energy consists of two components, one of which corresponds to the 
cosmological constant  . Its density parameter is 
 
                                                                                                                                                                   (67) 
 
where      is the density of dark energy not associated with  . In      cosmology the deceleration 

parameter is represented in form 
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where    are the density parameters for different components: matter    , radiation    , dark energy 

       , spatial curvature     and          is the equation of state for each component. We 

consider a model, in which coefficient    is written in form 
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where   

 
   

 
    corresponds the component’s own pressure and   

    
     appears due to the 

excited pressure of vacuum. 
 

From the Friedmann equations it follows   
 

   . Ellis [36,37] didn’t introduce the pressure of a 

substance into the energy-momentum tensor, which we agree with:   
 

  
   
 

  . It is replaced by 

pressure of a vacuum   
   

   
    

      . We consider values    at present time and    

according to the Planck 2018 results [37] to be negligible. As a result, the deceleration parameter (68) 
is 
 

    
 

 
   .                                                                                                                                                                (70)      

 
For      relation (70) yields the density of associated with   dark energy at present time    
           

      . Constraints on the total density of dark energy in      cosmology [38] give positive 

value            . 

 

8.  CONCLUSION 
 
Matter warps space, and it is natural to assume that the result is a vacuum pressure. We have 
examined a possible mechanism for the occurrence of this pressure, based on the gravitational defect 
of the masses and the assumption of elasticity of space in accordance with the law of energy 
conservation. The spherical sources of gravity with constant densities and identical gravitational 
masses is considered in the spheres with the same volume in the remote frame. The difference 
between the proper volume of the spheres and their volume in the remote frame increases with the 
increase in mass defect, which gives a positive pressure of gravitational field. In statics the vacuum 
pressure balances impact of gravity on vacuum according to the theory of elasticity. The resulting 
vacuum pressure corresponds to the solution of Einstein’s equations, in which the course of time 
inside the sphere is constant. Obtained metric can be used to determine the course of time in the 
interior of the Earth. In ESM the    energy-momentum-mass vector of a photon in flat space can be 
transformed into a vector with components equal to its energy and momentum inside the sphere by 
sequence of rotations (TS)-(XS). 
 
We have shown that equation of state, obtained for a weakly gravitating sphere, can be extended to a 
distributed locally isotropic static gravity source. It excites vacuum acquiring pressure corresponding 
to         . Mechanism of excitation of vacuum pressure by matter and cosmological constant 
was applied to the FLRW cosmology. This results in a model, in which only the cosmological constant 
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determines the dynamics of the expansion of the Universe and its energy density is close to the half of 
the dark energy density. 
 
The energy and momentum of a photon in FLRW space-time can be expressed through rotations of 
the energy-momentum-mass 5 -vector. This allows us to determine the deceleration parameter as a 
function of the rotation angles. 
 

COMPETING INTERESTS 
 
Authors have declared that no competing interests exist. 
 

REFERENCES 
 
1. Landau LD, Lifshitz EF. The Classical Theory of Fields (Oxford: Butterworth-Heinemann); 1995. 
2. Misner CW, Thorne KS, Wheeler JA. Gravitation (San-Francisco: W H Freeman and Co); 1973. 
3. Vikman A. Phys. Rev. D 71023515 (Preprint astro-ph/0407107); 2005. 
4. Sakharov AD. Dokl. Akad. Nauk SSSR 177170 (Sakharov A D 1998 In the Intermissions... 

Collected Works on Research into the Essentials of Theoretical Physics in Russian Federal 
Nuclear Center, Arzamas-16 ed Yu A Trutnev (Singapore: World Scientific). 1967;51-53. 

5. Karam SE. J. Phys.: Conf. Ser. 1051012017; 2018. 
6. Frolov VP, Fursaev DV. Phys. Rev. D 61064010 (Preprint hepth/9910006); 2000. 
7. Visser M. Mod. Phys. Lett. A       (Preprint gr-qc/0204062); 2000. 
8. de Sabbata V and Sivaram C. Found. Phys. Lett. 5579; 1992. 
9. Tsipenyuk  Y, Belayev WB. Astrophysical and microcosm’s applications of 2hν photon 

gravitational mass. Indian Journal of Physics. 2022;96(6):1607-11. 
10. Klein F. Zeits. f. Math. u. Phys. 1901;46376. 
11. Kaluza T. Sitzungrsberichte d. Preuss. Akad. 7966; 1921. 
12. Klein O. Zeitschrift für Physik A.             . 
13. Appelquist T, Chodos A, Freund PGO. Modern Kaluza-Klein Theories (Reading: Addison-

Wesley); 1987. 
14. Overduin JM, Wesson PS. Physics Reports 2835303 (Preprint gr-qc/9805018); 1997. 
15. Wesson, PS 2006 Five-Dimensional Physics: Classical and Quantum Consequences of Kaluza-

Klein Cosmology (Singapore: World Scientific); 2006. 
16. Vladimirov Yu S. Space-Time: Explicit and Hidden Dimensions (Moscow: Librokom); 2010. 
17. Andreev VA, Tsipenyuk D Yu. Proceedings of the 8th Symposium Honoring Mathematical 

Physicist Jean-Pierre Vigier (Covent Garden, London) ed R L Amoroso, L H Kauffman and P 
Rowlands (World Scientific, Singapore) p 171 (Preprint arXiv:1304.4775 (physics)); 2013. 

18. Andreev VA and Tsipenyuk D Yu. Bull. Lebedev Phys. Inst. 618 (Preprint gr-qc/0106093) 
19. Rumer Yu B.  Uspekhi Mat. Nauk 8655; 2001. 
20. Rumer Yu B. Studies on 5-optics (Moscow: URSS); 2010. 
21. Tsipenyuk D Yu, Belayev WB. J. Phys.: Conf. Ser. 1251012048; 2019. 
22. Andreev VA, Tsipenyuk D Yu. Properties of the 5-Dimensional Extended Space Model with 

Variable Photons Mass and Size New Insights into Physical Science vol 7 ed T F George 
(London: BP International) chapter 12; 2020. 

23. Tolman RC. Relativity, Thermodynamics and Cosmology. (Oxford: The Clarendon Press); 1934. 
24. Belayev VB. The Dynamics in General Relativity Theory: Variational Methods (Moscow: URSS); 

2017. 
25. Tsipenyuk D Yu, Belayev WB. Rom. Rep. Phys. 714; 2019. 
26. Tsipenyuk D Yu, Belayev WB  RENSIT 113; 2019. 
27. Andreev VA, Tsipenyuk D Yu. Bull. Lebedev Phys. Inst. 1013 (Preprint physics/0407144); 2004. 
28. Andreev V A and Tsipenyuk D Yu 2021 Pramana-J. Phys. 95196; 2021. 
29. Tsipenyuk D Yu and Belayev W B 2020 Rom. Rep. Phys. 72113; 2020. 
30. Wan H-Y, Cao S-L, Melia F, Zhang T-J. PDU 26100405; 2019. 
31. Yennapureddy K, Melia F. PDU 31100752; 2021. 
32. Belayev WB. Application of Lagrange Mechanics for Analysis of the Light-Like Particle Motion in 

Pseudo-Riemann Space (Preprint gr-qc/0911.0614); 2018. 



 
 
 

New Trends in Physical Science Research Vol. 6 
Homogeneous Sphere with Excited Vacuum Pressure, Applications in Extended Space Model and Cosmology 

 
 

 
154 

 

33. Rubin D, Heitlauf J. ApJ 894 68; 2020. 
34. Jesus JF, Valentim R, Escobal AA, Pereira SH. JCAP 4053; 2020. 
35. Ellis HG. IJMPD 21111242022; 2012. 
36. Ellis HG. IJMPD 24 08 1550069; 2015. 
37. Planck Collaboration: Aghanim N. et al Astron. Astrophys.    :A 6; 2020. 

38. Balkenhol L et al. Constraints on  CDM Extensions from the SPT-3G 2018 EE and TE Power 
Spectra (Preprint 2103.13618 (astro-ph)); 2021. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  


